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Highlights: 
 New analytical model for analysis of single fragmentation tests 
 The model separates friction shear stress from interfacial fracture energy 
 Practical procedure is proposed for experimental determination of parameters  
  
A shear-lag model is developed for the analysis of single fiber fragmentation tests 
for the characterization of the mechanical properties of the fiber/matrix 
interface in composite materials. The model utilizes the relation for the loss in 
potential energy of Budiansky, Hutchinson and Evans. The model characterizes 
the interface in terms of an interfacial fracture energy and a frictional sliding 
shear stress. Results are obtained in closed analytical form. An experimental 
approach is proposed for the determination of the interfacial fracture energy 
and the frictional shear stress from simultaneously obtained data for the applied 
strain, the opening of a broken fiber and the associated debond length. The 
residual stresses are obtained as a part of the approach and enables the 
determination of in-situ fiber strength. 
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1. Background 
It is well-recognized that the overall mechanical properties of composite materials, 
such as strength, toughness and delamination resistance, depend strongly on the 
mechanical properties of the fiber/matrix interface (Curtin, 1991; Hutchinson and 
Jensen, 1990, Feih et al., 2005;  Sørensen et al., 2008). The idea to characterize the 
fiber/matrix interface in terms of a critical shear stress determined from the saturated 
lengths of broken fiber fragments originated from the classical work by Kelly and 
Tyson (1965). More detailed stress analysis has shown that the elastic shear stress 
ahead of a fiber break is highly non-uniform (Graciani et al., 2009). Nevertheless, the 
single fiber fragmentation test remains widely used to characterize polymer matrix 
composites due to its simplicity, since breakage of fibers and thus the spacing 
between fiber breaks can easily be determined by conventional optical microscopy for 
test specimens consisting of transparent matrix materials (Tripathi and Jones, 1998).  
 
The description of the interface in terms of a single strength value has been 
challenged. Outwater and Murphy (1969) propose to characterize the mechanics of 
the fiber/matrix interface in terms of an interfacial fracture energy and a frictional 
shear stress acting along the debonded surface. They also developed a model to 
determine the interfacial fracture energy from measurements of the applied stress and 
the debond length of a broken or cut fiber. Since then, more advanced fracture 
mechanics model have been developed. Many of these models also include a more 
accurate description of the stress state, include residual stresses and account for 
 3 
Poisson's effects of the fibers and matrix and describe the mechanics of the debonded 
interface by Coulomb friction. As a result, most of these models appear complicated 
(Wagner et al., 1995; Wu et al., 2000; Graciani et al., 2009); some models only exists 
as numerical models so that a parameter study must be conducted for each test series 
to determine interface parameters; this is obviously not a very efficient approach for 
the analysis of data from single fiber fragmentation tests. In other cases, additional 
parameters, such as the residual stresses and/or the friction coefficient (in models 
using Coulomb friction) must be calculated or determined from independent 
experiments (Nairn, 2000; Ramirez et al., 2009).  
 
In addition, Varna et al. (1996) noted that the fiber breakage and fiber/matrix 
debonding are two independent features and that debonding may not always occur 
immediately after fiber breakage but may require a substantial higher strain.  
 
Kim and Nairn (2002a) provided a detailed description, documented by  micrographs, 
of the evolution of damage in single filament specimens subjected to increasing 
applied strain. They used polarized light to visualize the shear stress field around a 
broken fiber. They found that an initial debonding developed during the fiber 
breakage. The debond length and the fiber break gap were found to increase with 
increasing applied strain, whereas the fiber gap decreased during unloading. The 
maximum debond length was 16-17 times the fiber diameter (224 microns). Images 
showed that some fiber break gaps were several times the fiber diameters (up to 30-50 
microns). Such observations clearly show that for these material systems, a model 
based on interfacial fracture energy and sliding friction provides a better description 
of the fiber/matrix interface than a model based on a constant shear stress.  
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Kim and Nairn (2002a) reported both the "whole debond" length (the average value of 
all debond length of all locations of fiber break of a specimen) and "instantaneous 
debond length" (the debond length associated with new fiber breaks, i.e. fiber breaks 
that occurred between the present and previous load step) as a function of applied 
strain. For glass/epoxy, Kim and Nairn (2002a) found that the data for "whole 
debonds" and "instantaneous debonds" were identical for small applied strain 
(indicating little or no interaction between the fiber breaks, i.e., isolated fiber breaks) 
but deviate for strains larger than 2.75%, indicating interaction between the locations 
of fibre break.  
 
Kim and Nairn (2002a) analyzed their experimental data using the analytical model of 
Nairn (2000), a mathematical model that incorporates Poisson's effects in an 
approximate way and models the mechanics of the interface in terms of an interfacial 
fracture energy and Coulomb friction. The model predicts an initial non-linear 
relationship (progressive increase in debond length) between applied strain and 
debond length, followed by a linear relationship (isolated fiber breaks) and finally a 
non-linear relationship (decreasing debond growth rate) for high strains, as fiber 
breaks interact. In an accompanying study (Kim and Nairn, 2002b), debond data were 
presented for "instantaneous debonds" only, and only up to the strain value up to 
3.0%, i.e. strain values where there were little interaction between fiber breaks. Kim 
and Nairn (2002b) concluded that to get correct parameter values, the debonding 
experiments should be combined with other experiments that can measure residual 
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stresses and friction. Nevertheless, they identified the interfacial fracture energy to be 
120 J/m
2
 and the frictional parameter to be 0.01.  
 
Graciani et al. (2009) developed a numerical model using the boundary-element 
method (BEM). The interface was modelled in terms of a fracture energy and 
Coulomb friction and the model included residual stresses. The model predicts that 
the debond crack tip singularity becomes weaker (i.e. a power less than 1/2) in the 
presence of friction. The model predicts that the relationship between debond length 
and applied strain is non-linear (debond length increasing progressing with increasing 
strain) for debond length smaller than about five fiber radii, and a linear relationship 
with a finite, constant slope for larger debond lengths. Apparently, the non-linear 
relationship between strain and debond length (for small debonds length) is due to a 
variation in the energy release rate with debond length for fixed overall strain; the 
energy release rate starts very high and decreases rapidly with increasing debond 
crack length attaining a steady-state value when the debond crack length exceed about 
five fiber radii. 
 
Graciani et al. (2011) analyzed the experimental data of Kim and Nairn (2002b) using 
the numerical BEM model. They obtained best agreement with the experimental data 
with a Coulomb friction coefficient of 1.0 and an interfacial fracture energy of 12 J/m
2
 
. Recall that Kim and Nairn (2002b) determined the interfacial fracture energy to be 
120 J/m
2
 for the same data. It is remarkable that analyzing the same data, the two 
advanced models (that of Nairn (2000) and that of Graciani et al. (2011)) identify 
parameters that are widely different, despite both incorporate residual stresses, 
Coulomb friction and Poisson's effects. There is thus a need for a clearer approach for 
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parameter identification. A drawback of the advance models is that they are a bit 
complicated to use - parameters are not determined in a straight forward manner - and 
it is not possible - due to model complexity - to see the sensitivity of each parameter 
on model predictions. The simple shear-lag model that is developed in the present 
paper enables a clearer parameter identification from experiments data.  
 
The accuracy of analytical shear-lag models can be assessed by comparing their 
predictions with predictions from more accurate numerical models. Such comparisons 
were made by Hutchinson and Jensen (1990) who developed closed form analytical 
shear lag models for fibre debonding and pull-out. The fiber/matrix interface was 
modelled in terms of an interfacial fracture energy and a constant interfacial frictional 
shear stress or by Coulomb friction. The model also includes Poisson's effects and 
residual stresses. They compared results from the analytical model with accurate 
numerical results. They found that the energy release rate of the numerical model 
approach that of the analytical model when the debond length is larger than about one 
fiber radius. They also compared the displacement difference between the lower end 
of fiber and matrix and found that the analytical model become increasing accurate as 
the debond length grows. According to Hutchinson and Jensen (1990), the difference 
should not be of much significance when the debond length is longer than about five 
times the fiber radius. 
 
The proper way of mechanical characterization of frictional sliding remains an open 
issue. Mackin et al. (1992) and Liang and Hutchinson (1993) have proposed an 
interfacial friction sliding law of the form 
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         00  rrrrs for        (1) 
where s  is the frictional sliding shear stress, 0  represents friction introduced by 
roughness,   the Coulomb friction coefficient and rr  is the radial normal stress at 
the debonded fiber/matrix interface. Connell and Zok (1997) found that such a 
description could represent the sliding behavior of a ceramic fiber composite well. 
They found that a constant sliding shear stress could described the sliding behavior 
well at one temperature; the second term in (1) allows the description of different 
frictional sliding stresses at various other temperatures (via changes in the radial 
normal stress, rr ). 
 
The motivation for the present study is thus to develop an analytical model and an 
approach for the determination of the interfacial fracture energy and the frictional 
sliding shear stress from a tensile specimen consisting of a single filament embedded 
in a matrix specimen subjected to uniaxial tension. More specifically, we wish to 
develop a practical approach for the determination of the frictional shear stress, s , 
and the interfacial fracture energy, icG  from experiments, accounting for the residual 
stresses. 
 
In the present paper, we propose to use data for the broken fiber gap as an additional 
experimental parameter to measure - building on the conclusion of Kim and Nairn 
(2002b) that additional experimental data are needed. Moreover, we propose a new 1-
D model that is simpler that the models of Wu et al. (2000) and Nairn (2000). An 
advantage of the new, simpler model is that it gives a clearer relationship between 
interface parameters and measure properties so that it becomes easier to assess the 
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effect of interfacial parameters from experimental data. Being a shear-lag model, it 
only applies for debond lengths larger than about five fiber radii. 
 
Obviously, the hope is that the model enables the determination of interface 
parameters which can be considers being material properties and thus be used in 
micromechanical models of composites with much higher fiber volume fraction 
(typically, 40-60% in engineering composites). This would enable tests of single 
filament composites to be used as the primary tool for characterization of mechanical 
properties of fiber/matrix interface. Investigations of how changes in fiber surface 
treatments, composite processing conditions alters the mechanical properties of the 
fiber/matrix interface (e.g., van der Waals or covalent bonds) will then help the 
development of composite materials with improved properties. This assumption will 
be discussed in more details in Section 7.  
 
2. Problem description 
The problem to be analyzed is a single fiber embedded in a tensile test specimen made 
of the matrix material as shown in Fig. 1. We consider a situation where the  applied 
stress level is  , the fiber has broken and a debond crack has formed along a part of 
the fiber/matrix interface. The location of the fiber breakage is assumed to be remote 
from other fiber breaks. The model consists of a fiber with a fiber radius, r, 
surrounded by a hollow matrix cylinder. The single filament composite is pre-stressed 
by residual stresses in the fiber and matrix. However, the fiber is stress-free at the 
location of the fiber breakage ( 0z ). Due to symmetry of the problem, only half the 
specimen (z  0) is analyzed, as shown in Fig. 2. The fiber is debonded a distance d  
and the opening displacement of the fiber end is   so that the total opening 
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displacement of the broken fiber (the fiber gap) is 2 . Both d  and   are assumed to 
depend on  . A constant frictional shear stress, s , is assumed to operate along the 
debonded interface acting in the direction opposite to the sliding direction. 
Furthermore, Poisson's effects are ignored. The problem will be analyzed by a one-
dimensional shear-lag model. This analysis is assumed to be accurate when the 
debond length and the length of the uncracked parts are a few times longer than the 
fiber diameter so that the crack tip stress field is fully evolved and a uniform stress 
field (denoted upstream stresses) exists ahead of the crack tip in the un-cracked part 
(Hutchinson and Jensen, 1990).    
 
 
Fig. 1: Schematics of a single fiber embedded in a matrix test specimen. (a) Definition 
of stresses in uncracked specimen and (b) details of broken fiber. 
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The present model has some similarities with the pull-out models of Hutchinson and 
Jensen (1990) and Kessler et al., (1999) in that the interface is characterized in terms 
of a interfacial fracture energy, icG , and a frictional sliding shear stress, s . 
 
The radius of the external surface of the matrix cylinder is denoted R. From the 
geometry we can calculate the fiber volume fraction, fV , as 
          
2







R
r
V f .          (2) 
The analysis is then valid also for single filament specimens where the radius of the 
matrix is of same order of magnitude as the fiber radius, sometimes called mini-
composites. 
 
 
Fig. 2: The analyzed problem: A single fiber embedded in a matrix cylinder 
undergoing debonding with frictional sliding in the debonded zone. 
 
The strategy to develop the model is as follows. First we determine the stress state in 
the uncracked part and the stress state in the debonded region. The debond length is 
initially treated as an unknown but is determined by the use of the relations for the 
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potential energy loss of Budiansky, Hutchinson and Evans (1986). Having determined 
the debond length, we derive equations for the fiber opening displacements, which 
can subsequently be used in the determination of the unknown interface parameters, 
s  and 
i
cG . 
 
3. Stress analysis 
3.1 Residual stresses 
Residual stresses often develop in composites during processing due to various in-
elastic phenomena such as cross-linking or phase transition of polymers during curing 
and thermal expansion coefficient mismatch between the fiber and the matrix, 
creating residual stresses during cool-down from the processing temperature. In the 
present study we will make no specific assumption regarding the origin and 
magnitude of the residual stresses. Instead, the residual stresses will be determined as 
part of the data analysis. Denote the in-elastic strain (sometimes called the stress-free 
strain, Eshelby (1957)) of the fiber and matrix by Tf  and 
T
m . We defined a misfit 
strain, 
         Tm
T
f
T   ,           (3) 
which we will use henceforward. T will be positive for most composites with a 
polymer matrix. Normally, the processing-induced in-elastic strains are negative and 
numerical largest for the matrix material ( 0 Tf
T
m  ), but the fiber may be 
preloaded (e.g. pre-stressed in tension to keep the fiber straight) during the processing 
(Wagner and Zhou, 1998).  As an example, residual stressed induced by thermal-
expansion mismatch can be estimated by considering the specimen to be stress-free at  
temperature 0T . The fiber is assumed to have a thermal expansion coefficient, f , 
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and the matrix has a thermal expansion coefficient, m . Then, after cool-down to 
temperature T , the inelastic strains (defined to be zero at the stress-free state at the 
processing temperature) are 
      0TTf
T
f     0TTm
T
m  ,        (4) 
so that  
          0TTmfT   .         (5) 
The residual stresses in the fiber and matrix, resf  and 
res
m , must be in force 
equilibrium. Assuming that the fiber and matrix materials are linear elastic with a 
Young's modulus fE  and mE  respectively, the residual stresses can be written as 
   
c
m
f
T
f
res
f
E
E
V
E
)1(  

    
c
f
f
T
m
res
m
E
E
V
E


 ,     (6) 
where cE is the Young's modulus of the composite specimen, defined as  
        mfffc EVEVE )1(  ,         (7) 
with fV  being the fiber volume fraction, given by (2). 
 
3.2. Upstream stresses (stresses far ahead of the debond crack tip) 
We now analyze the stress state after the application of an applied stress,  . The 
upstream stress (i.e., the stress acting in the z-direction in the uncracked part of the 
specimen, far ahead of the debond crack tip, dz  ) in the fiber, denoted 

f , and 
the upstream stress in the matrix, m , can be found by assuming the same axial strain 
in the fiber and matrix and by force balance of the specimen in the z -direction. The 
results can be written as 
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cc
mfT
f
f
EE
EV
E






 )1(
  and  
cc
f
f
T
m
m
EE
E
V
E





.   (8) 
 
3.3. Downstream stresses (stresses in the sliding zone) 
In the debonded part of the specimen, dz 0 , the stresses in the fiber and matrix, 
denoted f  and 

m  , respectively, vary as a function of z-position. These stresses are 
calculated by the use of a shear-lag analysis. Force balance of the fiber gives the stress 
in the fiber as  
     dsf zfor
r
z
z  02)(  .        (9) 
The debond length d  is determined by the use of an energy criterion in the next 
section. It can be noted that when T  = 0 and icG  = 0, so that the debond length 
actually is a frictional slip length, the fiber and matrix stresses become continuous at 
the crack tip; otherwise there is a "jump" in the stress in fiber and matrix at the 
position of the debond crack, analogous to the pull-out model of Hutchinson and 
Jensen (1990). 
 
Force balance of the hollow matrix cylinder gives  
    ds
f
f
f
m zfor
r
z
V
V
V
z 



 0
)1(
2
)1(
)( 

 .     (10) 
Note from (9) and (10) that the stresses in the slip zone depend on z-position but are 
otherwise independent of the debond length, d .  
 
Now we need to determine the debond length, d , as a function of the applied stress,  
 . Had there been no friction  along the fiber/matrix interface, we could have applied 
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linear-elastic fracture mechanics and determined the debond length by requirering that 
the energy release rate should be equal to the fracture energy of the interface. The 
presence of large-scale frictional sliding, however, invalidates the use of some linear 
elastic fracture mechanics approaches, such as the compliance method, for the 
calculation of the debond crack length. Therefore, the method of Budiansky et al. 
(1986) will be used for the calculation of the potential energy loss accounting for the 
frictional energy dissipation. This leads to an equation for the debond length. 
 
4. Determination of the debond length 
4.1. The potential energy approach of Budiansky, Hutchinson and Evans 
The potential energy approach of Budiansky et al. (1986) gives the potential energy 
differences between two states in which cracking and monotonic frictional slip has 
occurred in a body that initially is pre-stressed by residual stresses. In State I, the body 
is subjected to surface tractions and some cracking and frictional slippage has 
occurred. With fixed surface tractions, the body undergoes further debonding and 
frictional slipping to State II, so that the applied tractions perform work and the 
frictional shear stress performs further work and thus dissipates energy. Budiansky et 
al. (1986) used the principle of virtual work to eliminate the work of the applied 
tractions. The potential energy difference between the two states can then be written 
as (Budiansky et al., 1986) 
         F
V
IIIIIIIII dVM   :2
1
,     (11) 
where I  denotes the potential energy of State I while II  is the potential energy of 
State II. Moreover, V is the volume of the body, I  is the stress tensor associated with 
State I, and II  is the stress tensor associated with State II. Furthermore, M indicates 
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an elastic operator (i.e., Hooke's law) and 
F  is the frictional energy dissipation 
(frictional work) defined as  
           
FS
sF dSu .         (12) 
In (12), u  denotes the relative frictional slip between the two states and FS  is the 
surface area at which frictional sliding occurs. The slip is assumed to occur 
monotonically during the transition from State I to State II. 
 
4.2 Model development 
For the problem at hand, we identify the two states as shown in Fig. 3. State I 
constitutes the situation of a debond length d >> r. State II is the situation where the 
length of the debond crack has increased by a small distance, d . With the tractions 
at the external boundaries held fixed, the State II stresses,  zf
  and  zm
 , in the 
"old" (State I) slip zone ( dz 0 ), are exactly the same as for State I; this follows 
from (9) and (10). The length of the slip zone has increased by d , so that in State 
II, equations (9) and (10) for  zf
  and  zm
  are now valid also for the new (State 
II) slip zone, ddz  0 . The upstream stresses, 

f  and 

m , remain unchanged 
for ddz   . Then, for the transition from State I to State II, the stress state 
changes only for ddd z   . Consequently, (11) becomes  
     F
m
mm
f
ff
III
dd
d
dz
E
z
rR
E
z
r 



 







 


 
 

2
22
2
2 )()(
2
1
 .  (13) 
This analysis bypasses the singular crack tip stress fields at the crack tips. Inserting 

f  and 

m  from (8) and  zf
  and  zm
  from (9) and (10) into (13) gives: 
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                        (14) 
Performing the integration gives 
     
 
.
2)1(
4
3)1(
1
4)1(
)1(
1
2
22
2
33
222
Fd
ddd
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T
ddd
s
mff
c
d
T
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mfc
f
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rEV
rEVE
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E
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Fig. 3: The present problem recast in the framework of the BHE approach. State I (a) 
refers to the situation with a debond length, d , and State II (b) refers to a situation 
with a debond length dd   , where d  is a small extension of the debond crack. 
This is the volume in which there is a change in the stress state. 
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Neglecting higher order terms of d  (since dd   ) leads to  
  .)1(
)1(
1
)1(
4
)1(
1
4
2
2
2
22
Fd
T
mf
mfc
f
d
s
mf
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s
mff
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III
EV
EVE
E
rEVrEVE
E
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














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











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












  (16) 
The potential energy loss will be available for the energy absorption by the debonding 
of the interface crack tip and by the frictional energy dissipation within the frictional 
slipping zone. More precisely, debond crack propagation will occur only when the 
potential energy loss is equal to (or greater than) the energy dissipation. This can be 
written as: 
        Fd
i
cIII r   2G  ,       (17) 
where icG  is the critical energy release rate (fracture energy) of the debond crack tip of 
the fiber/matrix interface. 
 
Next, the right hand side of equation (16) is inserted in the left hand side of equation 
(17). Then the term F  appears on both sides of the equation and thus cancels out.  
Furthermore, d  appears on all remaining terms and cancels out too. Dividing with 
22rE f  on both sides puts the equation (17) into non-dimensional form: 
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To proceed further, we need to consider two cases, 0s  and 0s . First, for 
0s , rd  vanishes from eq. (18). The implication is that when 0s , the debond 
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length is unbounded; debonding will occur along the entire length of the fiber. For 
0s , eq. (18) becomes  
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Since, on physical ground, with all other parameters held fixed, a higher value of icG  
is expected to result in a higher stress level for debonding, the minus sign ahead of the 
square root should be dropped. The result is then identical to the results found by 
Pupurs and Varna (2013). 
For 0s , equation (18) is a second order equation in rd . The solution is  
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On physical grounds, we expect, with all other parameters fixed, the debond length to 
be lower for higher values of icG . Therefore, the plus sign in (20) must be dropped:   
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4.3 Model results: Stress-debond length relations 
In the following, we re-write the derived equations to more operative forms. Equation 
(21) can be rewritten to express   as a function of d . The result is: 
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Following Hutchinson and Jensen (1990), we introduce the debond initiation stress, 
i , defined as  
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In case of a zero friction the debond crack will propagate along the entire fiber/matrix 
interface at this stress value; note that (23) is identical to (19). Having introduced i , 
equation (22) can be written as 
         






rEEE
d
f
s
c
i
c

2 .        (24) 
It is clear from (22) and (24) that   is related linearly to d . 
 
5. Determination of fiber opening displacements 
5.1 Analysis 
Next, we determine the opening displacement of the broken fiber. In the present 
analysis, the opening displacement,  , is obtained by integration of the strain 
differences of the matrix and the fiber in the debonded zone, dz 0 ,  
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where the strains are obtained from Hooke's law: 
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and Tm  and 
T
f  are the in-elastic strain of the fiber and matrix respectively, while 
)(zm
  and )(zf
  are given by (9) and (10), respectively. Inserting (26) into (25), 
using (3), (9) and (10) and performing the integration  leads to 
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It can be seen from (27) that the fiber opening displacement increases non-linearly 
with increasing debond length and with increasing applied stress. An increase in d  
increases the part where slip occurs. An increase in   increases the strain in the 
matrix in the debonded zone and thus increases the relative displacement difference, 
since the stress (and thus the strain) in the debonded fiber )(zf
  remains the same, 
being controlled by s .  
Inserting d  from (21) into (27) leads to  
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Rewriting (28), we can express   as a function of  . The result is  
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It is also useful to isolate T  from (27). The result is:  
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This result is independent of icG . 
Finally, by setting d  = 0 in (28) (so that per definition   = i ) we can isolate 
i
cG : 
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This result is independent of s . Inserting 
T  from (30) into (31) gives  
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This result is independent of T . Eq. (31) and (32) provide two alternative ways to 
determine icG . Which of the equations is preferred in the calculation of 
i
cG  depends on 
which of the parameters s  and 
T  are determined with the highest accuracy. 
 
5.2 Approximate solutions for 0fV  
In many cases, specimens for single-fiber fragmentations tests are made with 
dimensions such that 0fV . It is therefore convenient to develop approximate 
solutions for 0fV . First, from (7) we note that  
        0 fmc VforEE .        (33) 
Then (22) reduces to  
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 can be predicted as a function of   by (29) which for 0fV  approaches  
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while (23) reduces to 
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Likewise for 0fV , (30) becomes 
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while eq. (32) reduces to  
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These equations are relative brief and are thus fairly easy to use. 
 
6. Model application 
 
6.1 Model verification 
In this section we test our 1-D model with the more accurate results from the 
numerical BEM model of Graciani et al. (2009).  Using the material data of their 
paper, we first estimate i  by eq. (23) using a value of 
i
cG = 50 J/m
2
 given in the 
paper. In case T  = 0 we get mi E = 2.39%. From Fig. 6 in Graciani et al., (2009) 
we read off mi E = 2.39%. Including residual stresses (calculating 
T  from the 
data listed in Graciani et al. (2009)), (23) gives mi E = 2.73%. From the figure in 
Graciani et al., (2009) we read off mi E = 2.76%. From the slope of the linear part of 
the curve ( rd / > 5) we can calculate s  from (34)  
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The result is s = 20.9 MPa. Unfortunately, only the Coulomb friction coefficient ( = 
0.3) is given in the paper of Graciani et al. (2009) so it is not possible to compare the 
shear stress values. Next, an extrapolation of the linear part of the curve ( rd / > 5) to 
rd / = 0 gives a value of mi E  as 0.379%, and with r = 8 m, we then calculate 
i
cG = 104 J/m
2
 from (38). This value is somewhat higher than the value of icG = 50 J/m
2
 
 23 
used in the simulations. This suggests that the simple model developed in this paper 
tends to overestimate icG . 
 
6.2 Model prediction 
A few examples are now given of model predictions. We take 0fV , so that the 
equations in Section 5.2 apply. In the predictions, we use mE  =  3 GPa, fE = 70 GPa 
and r = 8 m, values appropriate for a glass fiber composites (Graciani et al., 2009).  
 
Model predictions, made using (35), are shown in Fig. 4. The relationship between the 
applied stress,  , and the opening displacement,  , are shown for various values of 
the interfacial fracture energy, icG , and the frictional sliding shear stress, s  with 
T = 0. The values shown are expected to cover the realistic range for glass fiber 
composites. It is seen that for a fixed value of s , a higher value of 
i
cG  gives a higher 
value of   at the same opening,  , while the slope of the    curve is lower. 
Furthermore, a higher value of s  gives a higher value of   for the same value of   
and a higher the slope of the   . We note - as also found experimentally by Kim 
and Nairn (2002a) - that opening displacements of several microns are realistic to 
measure by optical microscopy.  
 
Fig. 5 shows model predictions for i , calculated for various values of 
i
cG  and 
s using (36). i  increases with increasing 
i
cG . Also, a higher value of 
T  results in 
a higher value of i . The curves have the same shape, but they are translated.  
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Fig. 4: Predicted behavior of single broken glass fiber embedded in an epoxy matrix. 
Stress-fiber opening relationship for various interfacial parameters. 
 
 
 
Fig. 5: Model prediction of stress at debond initiation as a function of interfacial 
fracture energy and mismatch strain for a glass fiber embedded in an epoxy matrix. 
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For both Fig. 4 and Fig. 5 we find that the curves for different parameters are fairly 
distinct, suggesting that it should be possible to determine icG  and s  fairly accurately 
from experimental data.  
 
6.2. An approach for determination of interface parameters 
In the following we describe an approach for the determination of the interface 
parameters icG  and s  from measurement from a single fiber fragmentation test. It is 
assumed that the following parameters are known before the experiment is conducted:  
          rVEE fmf ,,, .         (40) 
The following parameters are measured simultaneously during the single fiber 
fragmentation test (in this process, only data for rd /  > 5 should be use): 
           d,,           (41) 
More precisely, we wish to record simultaneous values of d  and   as a function of 
 . For transparent matrix materials such as thermosetting polymer matrix materials, 
consecutive values of d  and   can be determined e.g. from micrographs recorded 
using optical miscopy during the experiments.  
 
The three microscale parameters that we need to determine from the analysis are:  
          Ts
i
c  ,,G           (42) 
We propose the following approach to determine the three parameters listed in (42) 
one by one, i.e., in three steps: 
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Step 1:    is plotted as a function of d . Since, according to (22) and (34),  should 
depend linearly on d , a straight line can be fitted to the data. This allows the 
determination of s . A sketch of such a plot is shown in Fig. 6a. 
 
Step 2: Having determined s , a plot of data for the experimental values of  ,   and 
d  is constructed according to (30) or (37). The result should be a constant value, 
T .  An average value of T  can be determined from such data. A sketch of such a 
plot is shown in Fig. 6b. 
 
Step 3: Knowing s , the value of 
i
cG  can be determined by the use of (31) - (32) or 
(38) - (39), e.g. from a graph showing icG  as a function of   using the associated 
values of  d  and  . A sketch of such a plot is shown in Fig. 6c. 
 
This approach enables us to determine the three parameters s , 
T  and icG   
sequentially. No knowledge of T  and icG  is required to determine s (Step 1). 
Moreover, only s  needs to be known to determine 
T  (Step 2) and icG  (Step 3).  
 
A consistency check on icG  can be made as follows. First, the value of i  is obtained 
from a graph showing   as a function of d (as Fig. 6a) by extrapolation to d  = 0 (it 
is emphasized that the model, being a shear-lag model, should not be used for short 
debonds, i.e., for data where rd / < 5 and certainly not for data associated with 
debond initiation). Having determined  i  and 
T , an independent value of icG  can 
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be determined from (31) or (38). Furthermore, having identified values of icG , s  and 
T , we can make a another check by plotting   as a function of  , using eq. (22) 
or (34), and compare the outcome with the original experimental data for    as a 
function of  . 
 
6.3. Application of model on experimental data 
It appears to be no published experimental data where data for applied stress, debond 
length and broken fibre gap are presented. Thus, the complete model approach cannot 
be tested. However, the data from Kim and Nairn (2002b) can be analyzed by the 
present model. Their data were for  new debonds only. Some of the data points for the 
highest applied strain values might be from fiber breaks that are so closely spaced that 
they interact but are still used in the following, despite that the present model assumes 
that the fiber breaks behave as isolated breaks (i.e., with no interaction). However, 
since the relationship between debond length and is only expected to be linear for 
rd /  > 5 (Hutchinson and Jensen, 1990; Graciani et al., 2009), only data for rd /  > 
5 are used in the following. 
 
First, lines were fitted to the data as "best fit", as well as lines having the lowest and 
highest slopes going through the experimental data for the applied strain and debond 
length (reproduced in Fig. 7). The value of s  is estimated from the slope of the fitted 
lines, using (40) with fE = 72.5 GPa. The frictional shear stress was calculated to be 
s  = 33 MPa (best fit), with 13 MPa and 48 MPa as lowest and highest values. For 
comparison, we can estimate the Coulomb friction shear stress as follows (Kim and 
Nairn, 2002b) using f = 0.01: 
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Fig. 6: Schematics of approach for determination of microscale parameters from 
experiments. A plot of   as a function of d  for the determination of s , (a). Plot of 
experimental values of  ,   and d  combined according to (37) and (39) to give 
T (b) and icG  as a function of   (c). 
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This gives f 12 MPa for mE  2% and 20 MPa for mE = 3.0 %. These values 
are lower than the "best fit" value of s  found by the new proposed approach, but 
almost within the range of the lowest and highest values.   
 
Next, by extrapolation the lines for data for rd / > 5 to  rd / = 0 , we identify lower, 
best and highest values for mi E . With no data available for the fiber break gap, no 
value of T  can be calculated from the experimental data. Therefore, T  was 
estimated from the data in the paper and eq. (5) to 0.00346. Then, icG  was calculated 
from (38) giving 27 J/m
2
 for best fit and 14 J/m
2
 and 50 J/m
2
 as lowest and highest 
values. These values of icG  are significantly lower than the value of 120 J/m
2
 found by 
Kim and Nairn (2002b), but only slightly higher than the value of 12 J/m
2
 found by 
Graciani et al. (2011). 
 
Since the values of s  are directly related to the slope of the lines in Fig. 7, it is 
possible to assess the realism of s  values visually. For instance, it can immediately 
be seen from Fig. 7 that the dotted lines that represent upper and lower bounds of the 
data have slopes and thus values of s  and mi E  that are in between the lowest and 
highest values calculated from the thin solid lines. 
 
7. Discussion 
7.1 Model approximations 
The present analysis is based on three major assumptions: First, materials are taken to 
be linear elastic. Second, the analysis is one-dimensional and neglects Poisson's 
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effects, and third, the frictional response of the fiber/matrix is described in terms of a 
constant shear stress, s . These assumptions enable the development of a closed form 
analytical solution and thus leads to an approach and equations that are relative easy 
to use. However, it is appropriate to discuss this assumptions in some details.  
 
 
Fig. 7: Normalized debond length as a function of applied strain for a glass fiber in an 
epoxy matrix - data from Kim and Nairn (2002b). Thick line indicates best fit to data 
for rd /  > 5; the thin lines have the lowest and highest slopes. Dashed lines are 
extrapolations to rd /  = 0. Dotted lines indicate upper and lower bounds to the data. 
 
While linear-elastic behavior is a good assumption for most fibers, many polymer 
materials that are used as matrix material in fiber composites have a non-linear stress-
strain behavior. It is likely therefore, that such material develop plasticity, in 
particularly at the debond crack tip. If the plastic zone size is small (small-scale 
yielding) the toughening enhancement due to crack tip plasticity may be taken as a 
part of the engineering interfacial fracture energy. On the other hand, it has also been 
shown for thin plastic layers that when the layer thickness of the plastic material  is 
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decreased - corresponding to closely spaced fibers in a composite material - the effect 
of plasticity is significantly reduced (Tvergaard and Hutchinson, 1994). Thus, the 
effect of plasticity on fiber/matrix debonding in a single filament composite specimen 
may be different from that in a composite material with closely spaced fibers (higher 
fiber volume fraction). This issue deserves to be studied further. 
 
The present shear-lag model is one-dimensional in the sense that it includes only the 
normal stress in the z-direction which is taken to be uniform across the cross section 
of the fiber and across the matrix; radial and hoop stresses are ignored and stress 
equilibrium is only satisfied in the average sense. Such approximations are frequently 
made in analytical micromechanical models (Marshall et al., 1985; Budiansky et al., 
1986; Budiansky et al., 1995). Using a more sophisticated shear-lag model, 
Hutchinson and Jensen (1990) showed that in comparisons with an accurate numerical 
solution, shear-lag models can be good approximations for energy release rate and 
fiber end displacements once d  is longer than about five times r. The existing 3D-
models of the single fiber fragmentation problem (Wagner et al., 1995; Wu et al., 
2000; Graciani et al., 2009) are obviously more accurate. But the solutions are lengthy 
and unrevealing and are not easy to use. Thus, the present 1-D shear lag model seems 
to be a fair balance between accuracy and accessible.  
 
7.2. Remarks on description of friction 
The mechanics description of interfacial sliding is an un-resolved issue. With 
Coulomb friction, the frictional shear stress is taken to be proportional to a friction 
coefficient and the normal pressure acting normal to the interface. The normal 
pressure will in general depend on the Poisson's contraction of the fiber and matrix as 
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well as interface roughness asperities (Pathasarathy et al., 1991). However, neither the 
Poisson's ratio nor the interface roughness asperities are known for most engineering 
fibers. It has been proposed that the effect of Poisson's contraction can outbalance the 
effect of roughness asperities (Marshall et al., 1992).  The mixed friction law (1) 
seems to give a reasonably representation since the second term incorporates the 
radial normal stress, rr  which will depend on temperature in case the fiber and 
matrix have different thermal expansion coefficients. This enables the prediction of  
as a function of temperature (Connell and Zok, 1997). Cohesive laws can also be 
formulated to mimic roughness asperities (Sørensen and Goutianos, 2014). Good 
experiments are needed to guide to the development of the best choice of frictional 
law. At the present state a constant shear stress seems to be a fair assumption for the 
analysis of experiments. 
 
 
7.3. Transferability of parameters to real composites 
It is relevant to consider how parameters measured at single filament composites can 
be transferred to models of real fiber composites with fiber volume fraction of about 
30-60%. First, the mismatch strain T , determined from a single filament specimen 
with fV  0, can directly be used in a micromechanical model, e.g. (6), to calculate 
the residual stresses in a composite with fV 40-60%. Second, the interfacial fracture 
energy is taken to be the Mode II (meaning that the crack faces displaces tangentially) 
fracture energy of the fiber/matrix, and thus be a property of the bi-material interface, 
independent of fV . Third, s  probably cannot be taken to be an interface property 
independent of  fV .  As indicated by (1), the interfacial sliding frictional shear stress 
in a composite is likely to depend on both fiber roughness, and Coulomb friction, i.e. 
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depends on both a friction coefficient   and the radial normal stress rr  acting 
normal to the debonded fiber/matrix interface.  
 
At the present there appears to be no consensus about the most appropriate way of 
modelling friction sliding stress. Therefore, further research is needed to investigate 
how the frictional shear stress in a real composite depends on e.g. fiber volume 
fraction and radial normal stress across the interface. The most important outcome of 
the present model is that it enables a clear separation between interfacial fracture 
energy (breakage of chemical bonds) and interfacial sliding shear stress in a robust 
way, which the previous approach (not measuring the fiber gap) did not enable. 
Experiments of the type proposed here could be conducted for specimens at various 
temperatures in order to assess how the measured values of s  would depend on 
interfacial normal stresses. Other types of experiments on composites, such as the 
single fiber pull-out and fiber push-out experiments conducted by Marshall et al. 
(1992) could be used to assess the frictional sliding shear stress in composites with 
high fiber volume fraction.  
 
In the area of the development of improved composite materials, an important issue is 
to understand and control the interfacial chemistry (fiber coating/sizing) which will 
affect debonding and possibly to a less extend the frictional sliding responds 
(roughness, friction coefficient). A robust tool - like the present model - that enables a 
clear separation of the two mechanical parameters will be very valuable, because 
experiments of the type proposed here are expected to show the correct trends even 
though the measured value of s  obtained from single filament composite specimens 
might not to be identical to the frictional shear stress in a composite with high fiber 
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volume fraction. Surface treatments that lead to increasing interface roughness or and 
increasing friction coefficient are likely to increase the frictional shear stress for both 
the single filament and the "real" composite. Thus, single filament composite 
specimens will still be a valuable tool in the development of new fiber surface 
treatments. 
 
Another point is that for multi-directional laminates, fibers inside a layer will often be 
subjected to tensile or compressive stress in-plane, perpendicular to the fiber 
direction, i.e. normal to the fiber/matrix interface. This again would likely affect 
frictional sliding behavior; additional (numerical) modelling would then be required 
to study effects on frictional sliding and interfacial fracture energy. But if the 
interfacial fracture energy and the frictional sliding interface law (including 
Coulombic effects) were obtained from various experiments conducted at single 
filament composite specimens, the effect of multiaxial stress state could be accounted 
for by micromechanical modelling. The area of characterization and modelling of the 
frictional behavior of the fiber /matrix interface deserves more investigations.  
 
7.4. Traditional interpretation of single fiber fragmentation tests  
The traditional way of analyzing data from single fiber fragmentation tests is to 
calculate the interfacial shear stress from the length of fragmented fibers (i.e., the z-
distance between two fiber breaks) in the saturated state, where the fibers are fully 
debonded so that the stress transfer is controlled entirely by the frictional shear stress. 
This approach is well suited for investigations of the effects of e.g. surface roughness 
and sizing on the sliding behavior, but not effects of chemistry on the interfacial 
fracture energy and separate effects of different T  in different matrix materials. In 
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contrast, the approach presented in this paper enables the determination of  icG , s  and 
T , giving a more realistic description of the mechanics of the fiber/matrix 
interface. 
 
Although the approach proposed in the present paper can be combined with the 
traditional approach, the proposed approach should only be used as long as the fiber 
breaks are so far apart that they can be considered being independent,  i.e. as long as 
the slip zones and crack tip stress fields from the broken fiber ends are not 
overlapping.   
 
7.5. Experimental data for models 
The data presented by Kim and Nairn (2002ab) do not make a distinction between 
isolated fiber debonds and interacting debonds. These results therefore includes both 
data where the relationship between d  and   is non-linear and linear, are therefore 
more blurred and are more difficult to interpret. In order to understand the 
experiments better, it would be useful in the future to report data for isolated fiber 
breaks and debonding separately from data from interacting fiber breaks. For isolated 
fiber breaks, d  is, according to all models, expected to increase linearly with   for 
rd /  > 5.  
 
7.6. In-situ determination of fiber strength 
It has been suggested (Tripathi and Jones, 1998) that that in-situ fiber strength could 
be lower than the fiber strength of virgin fibers due to additional defects being 
introduced to the fibers during processing  of the composite. Therefore, it would be of 
interest to compare in-situ fiber strength values found by the proposed approach with 
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tensile strength values obtained from tensile testing of single fibers before composite 
manufacture. The present model enables the determination of the fibers tensile 
strength in-situ. 
 
Having determined the mismatch strain, T , it is easy to back-calculate the stress in 
the fiber at the instant it breaks by the use of (8). Denote the applied composite stress 
at the occurrence of fiber break by fb , the in-situ strength of the fiber, fu , can 
estimated from  
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.         (43) 
The strength data cannot be compared directly, since the single fiber gives only one 
strength value for its gauge length (i.e. the weakest point within the gauge section) 
while the single filament composite specimen will give more strength values for a 
similar specimen gauge length, and the stress in the fiber is not uniform in the single 
filament composite specimen (due to the stress transfer along the debond zones), see 
Curtin (1991) for a detailed discussion.  
 
8. Conclusions 
An analytical shear-lag model, developed using the formalism of the potential energy 
approach of Budiansky, Hutchinson and Evans, enables the determination of the 
mechanical properties of the fiber/matrix interface of unidirectional composites in 
terms of a interfacial fracture energy and a frictional sliding shear stress from 
experimental data of the applied stress, the debond length and opening displacement 
of broken fibers. The model also allows the determination of the residual stresses and 
in-situ fiber strength values from single fiber fragmentation tests.  
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